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In this work we consider a second-order delta–nabla dynamic boundary value problem of
the form

φp

y∆(t)
∇ = −a(t)f (y(t)), t ∈ (0, T )Tκ∩Tκ , φp y∆(0) = 0, y(T ) = ψ(y) :=∑n
i=1 ciy (ξi), where T is a time scale, a : [0, T ]T → [0,+∞) and f : [0,+∞)→ [0,+∞)
are continuous functions, and ψ : Cld ([0, T ]T) → R is a given functional. We show that
even if some of the ci’s are negative, the boundary value problemmay still admit a positive
solution. Our results extend and generalize some recent results on this type of problem,
and we illustrate this by way of a numerical example.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
In this work we consider a second-order delta–nabla dynamic equation of the form
(φp(y∆(t)))∇ = −a(t)f (y(t)), t ∈ (0, T )Tκ∩Tκ (1.1)
subject to the boundary conditions
φp(y∆(0)) = 0, (1.2)
y(T ) = ψ(y) :=
n−
i=1
ciy(ξi), (1.3)
where T is a time scale, a : [0, T ]T → [0,+∞) and f : [0,+∞) → [0,+∞) are continuous functions, and ψ :
Cld([0, T ]T)→ R is a given functional. As indicated by (1.3) above, in our treatment, ψ(y)will always have the multipoint
form
ψ(y) :=
n−
i=1
ciy(ξi), (1.4)
for some finite sequence {ξi}ni=1 ⊆ (0, T )T. It is certainly possible to take ψ to be a more general nonlocal condition than
studied here, but the study of the case in which ψ is a multipoint condition should suffice to illustrate the main point of
this work. We should also note that throughout this work we adopt the standard notation [a, b]T := [a, b] ∩ T, and we also
assume throughout that 0 ∈ Tκ , T ∈ Tκ , and T is a closed subset of R, of course.
The function φp(·) appearing in (1.1) is the one-dimensional p-Laplacian, which is defined by φp(z) := |z|p−2z, for p > 1.
Importantly, φp is multiplicative, for φp(z1z2) = φp(z1)φp(z2), for each z1 and z2 for which φp is defined; this is easy to
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check. Also of significant importance in the sequel is the elementary fact that φ−1p (z) = φq(z), where p and q are Hölder
conjugate—that is, 1p + 1q = 1.
To contextualize appropriately problem (1.1)–(1.3), we remark first that both continuous and discrete p-Laplacians arise
in a number of natural settings in applied mathematics. For example, they occur in elasticity theory, fluid mechanics, and
reaction–diffusion problems—see [1,2] and the references therein. From a more mathematical perspective, boundary value
problems involving the p-Laplacian have been extensively studied over the past couple of decades, particularly in terms
of the existence of one or more positive solutions—for example, see [3–15] and the references therein. In particular, we
mention that second-order p-Laplacian BVPs on a time scale apparently were first studied in a work by Anderson et al. [16].
Secondly, the study of dynamic equations on time scales has rapidly developed since 1990 when Stefan Hilger published his
seminal paper on time scales [17]. In the sequel, we assume a basic familiarity with time scales, and we refer the reader to
the monographs on the subject by Bohner and Peterson [18,19].
Themain contribution of this work is to use some recent ideas of Infante andWebb [20] to show that problem (1.1)–(1.3)
may have at least one positive solution even if certain of the ci coefficients appearing in (1.3) are negative. In particular, this
will extend and generalize some recent work—specifically, He [21], Liu and Ge [7], Sang and Su [22], Su and Li [23], Sun and
Li [24], and Zhu and Zhu [25].
2. Preliminaries
In this sectionwewish to fix our framework for problem (1.1)–(1.3). In particular, our strategy is towrite a representation
for a solution to problem (1.1)–(1.3) in terms of the fixed point of an appropriate operator. We will then show that this
operator satisfies certain properties when acting on an appropriate cone. We introduce first the assumption that we shall
make about a(t) and f (y).
F1: The continuous function a(t) is not zero on
 T
4 ,
3T
4

T, whereas the continuous function f (y) satisfies K1 ≤ f (y) ≤ K2,
where 0 < K1 < K2 are constants, for all y ∈ [0,+∞)—that is, f is a bounded, positive function for all y ≥ 0.
Remark 2.1. It should be noted that our condition (F1) is somewhat different than in other papers on problem (1.1)–(1.3).
Largely this stems from our technique in the sequel insofar as overcoming the difficulty that negative ci coefficients pose.
We also shall need to add some appropriate restrictions on the nonlocal term ψ(y). We state these below.
G1: We find that 1 >
∑n
i=1 |ci| ≥ 0.
G2: Define the setsP andN byP := {i : ci > 0} andN := {i : ci < 0}. Then we find that
φq(K1)
−
i∈P
ci
∫ T
ξi
φq
∫ s
0
a(τ )∇τ

1s+ φq(K2)
−
i∈N
ci
∫ T
ξi
φq
∫ s
0
a(τ )∇τ

1s ≥ 0, (2.1)
where K1 and K2 are the constants from condition (F1).
LetB be the Banach space Cld([0, T ]T,R)when equipped with the usual supremum norm, ‖ · ‖. We are interested in the
operator S : B → B, where S is defined by
(Sy)(t) :=
∫ T
t
φq
∫ s
0
a(τ )f (y(τ ))∇τ

1s+ ψ(y). (2.2)
We see, for instance, that
(Sy)∆(t) = −φq
∫ t
0
a(τ )f (y(τ ))∇τ

(2.3)
so
(φp((Sy)∆(t)))∇ = −a(t)f (y(t)); (2.4)
moreover, φp((Sy)∆(0)) = 0 and (Sy)(T ) = ψ(y). Therefore, a fixed point of (2.2) will satisfy the boundary value problem
(1.1)–(1.3).
Remark 2.2. It is certainly possible to solve for each y(ξi) in terms of integral expressions involving a and f . This allows us
to rewrite (2.2) in terms of a and f only. Many works on problem (1.1) do just that—see, for example, [22,23]. However, for
our purposes in the sequel, we shall not need this. Therefore, we work only with the form of S given in (2.2).
We now prove a lemma.
Lemma 2.3. Let S be the operator defined in (2.2). Assume both that y ≥ 0 and that ψ(y) ≥ 0. Then it follows that there is a
constant γ ∈ (0, 1) such that
min
t∈

T
4 ,
3T
4

T
(Sy)(t) ≥ γ ‖Sy‖. (2.5)
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Proof. The function (af )(t, y) is nonnegative for all t and y, ψ(y) ≥ 0 by assumption, and from (2.3) we have that
(Sy)∆(t) ≤ 0. Hence, it follows that ‖Sy‖ = (Sy)(0), for any y, and that min
t∈

T
4 ,
3T
4

T
(Sy)(t) = (Sy)(t2), where we have put
t2 := max

t ∈ T : t ∈  T4 , 3T4 T. In particular, since f is bounded away from zero we know that each of these quantities is
strictly greater than zero. Therefore, there must exist a number γ ∈ (0, 1) such that (2.5) holds. Note that γ is strictly less
than unity since (Sy)(t) is strictly decreasing on
 T
4 ,
3T
4

T. 
Recalling the Banach spaceB from before, let us now introduce the cone that we shall use in the sequel. It is
K :=
y ∈ B : y ≥ 0, mint∈ T4 , 3T4 T y(t) ≥ γ ‖y‖, ψ(y) ≥ 0
 , (2.6)
which is evidently inspired by the recent work of Infante and Webb [20]. We now prove a preliminary result regarding the
operator S. This will be essential in the sequel.
Lemma 2.4. Let S be the operator defined in (2.2). If ψ satisfies conditions (G1)–(G2), then S : K → K .
Proof. The fact that ψ(Sy) ≥ 0 whenever y ∈ K follows from the observation that
ψ(Sy) =
n−
i=1
ci(Sy)(ξi) =
n−
i=1
ci
[∫ T
ξi
φq
∫ s
0
a(τ )f (y(τ ))∇τ

1s+ ψ(y)
]
= ψ(y)
n−
i=1
ci +
n−
i=1
ci
∫ T
ξi
φq
∫ s
0
a(τ )f (y(τ ))∇τ

1s
≥ ψ(y)
n−
i=1
ci +
−
i∈P
ci
∫ T
ξi
φq
∫ s
0
a(τ )K1∇τ

1s+
−
i∈N
ci
∫ T
ξi
φq
∫ s
0
a(τ )K2∇τ

1s
= ψ(y)
n−
i=1
ci + φq(K1)
−
i∈P
ci
∫ T
ξi
φq
∫ s
0
a(τ )∇τ

1s+ φq(K2)
−
i∈N
ci
∫ T
ξi
φq
∫ s
0
a(τ )∇τ

1s
≥ 0, (2.7)
where P and N retain their meanings from earlier. Note that the final inequality in (2.7) follows from assumptions
(G1)–(G2) as well as the fact that ψ(y) ≥ 0 whenever y ∈ K . On the other hand, by the form of S together with the
fact that a and f are nonnegative, it is clear that (Sy)(t) ≥ 0 whenever y ∈ K since ψ(y) ≥ 0 whenever y ∈ K . Finally, the
result of Lemma 2.3 shows that whenever y ∈ K , we find that
min
t∈

T
4 ,
3T
4

T
(Sy)(t) ≥ γ ‖Sy‖.
Therefore, we conclude that S : K → K , which completes the proof. 
We now state without proof a fact that will be useful in Section 3; its proof is straightforward.
Lemma 2.5. Let f (y) satisfy condition (F1). Then limy→0+ f (y)φp(y) = +∞.
Finally, we end this section by recalling as a preliminary lemma the Krasnosel’skiı˘ fixed point theorem (see [26]), which
we shall use to prove our existence result in Section 3.
Lemma 2.6. Let B be a Banach space and let K ⊆ B be a cone. Assume that Ω1 andΩ2 are bounded open sets contained inB
such that 0 ∈ Ω1 andΩ1 ⊆ Ω2. Assume, further, that T : K ∩

Ω2 \Ω1
→ K is a completely continuous operator. If either
1. ‖Ty‖ ≤ ‖y‖ for y ∈ K ∩ ∂Ω1 and ‖Ty‖ ≥ ‖y‖ for y ∈ K ∩ ∂Ω2; or
2. ‖Ty‖ ≥ ‖y‖ for y ∈ K ∩ ∂Ω1 and ‖Ty‖ ≤ ‖y‖ for y ∈ K ∩ ∂Ω2;
then T has at least one fixed point inK ∩ (Ω2 \Ω1).
3. The existence of a positive solution
We now state and prove an existence result for problem (1.1)–(1.3).
Theorem 3.1. Suppose that conditions (F1) and (G1)–(G2) hold. Then problem (1.1)–(1.3) has at least one positive solution.
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Proof. Lemma 2.4 shows that S : K → K . In addition, a standard argument involving the Arzela–Ascoli theorem, which
we omit, shows that S is a completely continuous operator. Now, pick a number c > 0 such that
c
∫

T
4 ,
3T
4

T
γφq
∫ s
0
a(τ )∇τ

1s ≥ 1. (3.1)
Lemma 2.5 shows that there is r1 > 0 such that whenever 0 < y ≤ r1, we find that f (y) ≥ φp(y)φp(c). PutΩ1 := {y ∈ B :
‖y‖ < r1}. Then for y ∈ K ∩ ∂Ω1,
‖Sy‖ = (Sy)(0) =
∫ T
0
φq
∫ s
0
a(τ )f (y(τ ))∇τ

1s+ ψ(y)
≥
∫ T
0
φq
∫ s
0
a(τ )φp(c)φp(y(τ ))∇τ

1s
≥ c‖y‖
∫

T
4 ,
3T
4

T
γφq
∫ s
0
a(τ )∇τ

1s ≥ ‖y‖, (3.2)
where we have used the fact that ψ(y) ≥ 0 since y ∈ K to obtain the first inequality, and where we have used the choice
of c as given in (3.1) to obtain the last inequality. Thus, (3.2) implies that ‖Sy‖ ≥ ‖y‖whenever y ∈ K ∩ ∂Ω1.
Conversely, by condition (G1) we can choose ε > 0 such that
0 ≤
n−
i=1
|ci| < 1− ε. (3.3)
By assumption (F1), we know that f (y) is bounded for all y ≥ 0. Therefore, there is r∗2 > 0 sufficiently large such that
f (y) ≤ φp(r∗2 ), for all y ≥ 0. Put
r2 := max

2
ε
r1,
r∗2
ε
∫ T
0
φq
∫ s
0
a(τ )∇τ

1s

and then define Ω2 := {y ∈ B : ‖y‖ < r2}; of course, we have that r2 > r1 since 0 < ε < 1. It follows that whenever
y ∈ K ∩ ∂Ω2, we have
‖Sy‖ = (Sy)(0) ≤
n−
i=1
ciy(ξi)+
∫ T
0
φq
∫ s
0
φp(r∗2 )a(τ )∇τ

1s
≤ r2
n−
i=1
|ci| + r2ε ≤ r2(1− ε)+ r2ε = r2, (3.4)
whence‖Sy‖ ≤ ‖y‖. Consequently, from (3.2) and (3.4)we conclude fromLemma2.6 that S has a fixedpoint inK∩(Ω2\Ω1).
As this fixed point is a solution of problem (1.1)–(1.3), the proof is finished. 
4. A numerical example
We now present a numerical example to illustrate the use of Theorem 3.1.
Example 4.1. Consider the problem
(|y∆(t)|3y∆(t))∇ = −(t + 1)2(3e−y(t) + 5 sin y(t)+ 10), t ∈ [1, 19]N0 (4.1)
subject to the boundary conditions
φp(y∆(0)) = 0, y(20) = 310y(3)−
1
6
y(14)+ 1
20
y(19). (4.2)
Obviously here we have made the following declarations.
f (y) = 3e−y + 5 sin y+ 10
a(t) = (t + 1)2
ψ(y) = 3
10
y(3)− 1
6
y(14)+ 1
20
y(19)
p = 5
T = Z
T = 20
(4.3)
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It is obvious that condition (F1) holds with K1 := 4 and K2 := 18, say. Condition (G1) evidently holds since 1 >∑ni=1 |ci| =
31
60 ≥ 0. Finally, condition (G2) can be checked numerically to deduce that
φ 5
4
(4)
−
i∈P
ci
∫ T
ξi
φ 5
4
∫ s
0
a(τ )∇τ

1s+ φ 5
4
(18)
−
i∈N
ci
∫ T
ξi
φ 5
4
∫ s
0
a(τ )∇τ

1s ≈ 67.232 ≥ 0. (4.4)
Therefore, we conclude from Theorem 3.1 that problem (4.1)–(4.2) has at least one positive solution.
Remark 4.2. Note, importantly, that not all of the coefficients in the multipoint term in (4.2) are nonnegative. Therefore,
this example could not be handled by using the results given recently in [7,21–25] among others. Thus, our results extend
and generalize the results presented in those papers.
Remark 4.3. Example 4.1 remains true on the time scale T = R, as an easy numerical calculation reveals.
5. Conclusions
In this work we have shown how some of the recently introduced ideas of Infante and Webb [20] can be used in the
time scales setting to deduce the existence of at least one positive solution to a second-order delta–nabla BVP involving
the one-dimensional p-Laplacian. By means of a numerical example we have shown how our results explicitly extend other
recent results on this type of problem.
Finally, by way of a conclusion, we suggest three avenues for additional study of this type of problem. Firstly, it would be
interesting to see in what ways condition (F1) can be modified and weakened even in the context of negative coefficients
in the multipoint condition. It may also be interesting to attempt to extend problem (1.1)–(1.3) to the fractional setting
since the fractional calculus is an area that has recently been gaining considerable traction even in the discrete and, more
generally, time scales settings (see, for example, [27–33]). Thirdly, it might be interesting to extend these results to themore
general setting of an increasing homeomorphism and homomorphism—see, for example, [10–12]. In any case, any of these
avenues might produce interesting future results for this problem.
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